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Abstract 



(N 

' Just like the vector gauge bosons in the gauge theories, it is now known that gravi- 

ty : 

, tons acquire mass in the process of spontaneous symmetry breaking of diffeomorphisms 



through the condensation of scalar fields. The point is that we should find the grav- 



I itational Higgs mechanism such that it results in massive gravity in a flat Minkowski 

. space-time without non-unitary propagating modes. This is usually achieved by in- 

cluding higher-derivative terms in scalars and tuning the cosmological constant to be 
^ I a negative value in a proper way. Recently, a similar but different gravitational Higgs 

■ mechanism has been advocated by Chamseddine and Mukhanov where one can relax 

the negative cosmological constant to zero or positive one. In this work, we investigate 
why the non-unitary ghost mode decouples from physical Hilbert space in a general 
space-time dimension. Moreover, we generalize the model to possess an arbitrary po- 
tential and clarify under what conditions the general model exhibits the gravitational 
Higgs mechanism. By searching for solutions to the conditions, we arrive at two classes 
of potentials exhibiting gravitational Higgs mechanism. One class includes the model 
by Chamseddine and Mukhanov in a specihc case while the other is completely a new 
model. 



^E-mail address: ioda@phys.u-ryukyu.ac.jp 



1 Introduction 



Recently, interests on the construction of massive gravity theories have revived from different 
physical motivations [l]-[8]. A fundamental question in these studies is how one can make 
theories of massive gravity with a small but finite graviton mass. By assuming the mass to 
be very tiny, the gravitational interaction deviates from the predictions of Einstein's general 
relativity only at large scales which are comparable to the Compton wave length of gravitons. 

One motivation behind these interests comes from the astonishing observational fact that 
our universe is not just expanding but is at present in an epoch of undergoing an accelerating 
expansion [9, 10, 11]. Although the standard model of cosmology based on general relativity 
is not only remarkably successful in accounting for many of observational facts of the universe 
but also the study of general relativity has matured into precise science with many impressive 
observable tests which include a familiar example like its use of the global positioning system 
(GPS), we do not yet have a firm grasp of the late-time cosmic acceleration in addition to 
problems associated with dark matter and dark energy. 

Massive gravity theories might play a role in the sense that they could modify Einstein's 
general relativity at large cosmological scales and might lead to the present accelerated ex- 
pansion of the universe without assuming still mysterious dark matter and dark energy. It is 
worthwhile to point out the fact that since general relativity is almost the unique theory of 
massless spin 2 gravitational field whose universality class is determined by local symmetries 
under diffeomorphisms, any infrared modification of general relativity cannot help introducing 
some kind of mass for gravitons. 

The other motivation for attempting to construct massive gravity theories is conceptual 
and is related to the noncritical string theory applied to quantum chromodynamics (QCD) 
[5]. For instance, as inspired in the large-N expansion of the gauge theory, which defines the 
planar (or genus zero) diagram and is analogous to the tree diagram of string theory, if we 
wish to apply a bosonic string theory to the gluonic sector in QCD, massless fields such as spin 
2 graviton in string theory, must become massive or be removed somehow by an ingenious 
dynamical mechanism since such the massless fields do not appear in QCD. Note that this 
motivation is relevant to the modification of general relativity at small scales whereas the 
previous cosmological one is to the infrared modification. 

A few years ago, 't Hooft proposed a new Higgs mechanism for gravitons where the mass- 
less gravitons 'eat' four real scalar fields and consequently become massive [5]. In his model, 
vacuum expectation values (VEV's) of the scalar fields are taken to be the four space-time 
coordinates by gauge-fixing diffeomorphisms, so the whole diffeomorphisms are broken spon- 
taneously. Of course, the number of dynamical degrees of freedom should be left unchanged 
before and after the SSB. Actually, before the SSB of diffeomorphisms there are massless 
gravitons of two dynamical degrees of freedom and four real scalar fields whereas after the 
SSB we have massive gravitons of five dynamical degrees of freedom and one real scalar field. 
Afterward, a topological term was included to the 't Hooft model where an ^alternative^ metric 
tensor is naturally derived and the topological meaning of the gauge conditions was clarified 
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[12]. ^ 

One serious problem in the 't Hooft model is that a scalar field appearing after the SSB is 
a non-unitary propagating field so that in order to keep the unitarity the non-unitary mode 
must be removed from the physical Hibert space in terms of some procedure. This problem 
was solved by including higher-derivative terms in the scalar fields and tuning appropriately 
the cosmological constant to be a negative value in Ref. [6]. 

More recently, Chamseddine and Mukhanov have presented a new Higgs mechanism for 
gravitons also by adding higher-derivative terms in scalars to the Einstein- Hilbert action [14] . 
One advantage of their model is that we do not have to restrict the cosmological constant 
to be negative, namely zero or positive cosmological constant is also allowed to trigger the 
gravitational Higgs mechanism. 

The aims of this article are three-fold. First, we simply generalize the model by Chamsed- 
dine and Mukhanov to a general /^-dimensional space-time. Second, we will present a proof 
that the model does not involve the ghost so it is unitary. This proof is performed by using 
the gauge- variant fluctuations and flxing diffeomorphisms in two steps. The key point for de- 
couphng the ghost is the existence of residual gauge symmetry hke that of QED in the Lorentz 
gauge. Finally, wc construct a general model with an arbitrary function of H^^ and find the 
conditions by requiring that the model should exhibit the Higgs mechanism for gravitons in 
a fiat Minkowski background. It is remarkable that there exist two kinds of solutions to the 
conditions. One of them includes the model by Chamseddine and Mukhanov while the other 
is completely a new class of models. We also present a specific model of the latter. 

This paper is organized as follows: In section 2, we review the model proposed by Chamsed- 
dine and Mukhanov. In section 3, we present a proof of unitarity of the model by fixing 
diffeomorphisms by gauge conditions in two steps. In section 4, we construct a more general 
model and search for new models showing the Higgs mechanism of gravitons. The final section 
is devoted to conclusions and discussion. 

2 Review on the Chamseddine and Mukhanov model 

In this section, we wish to review on the model by Chamseddine and Mukhanov [14] in a 
general D-dimensional space-time. Consider the following action ^: 

s=Y^J d^-v^9[R+^{^^^{{^Hr ir-H^sH^^}]. (1) 

Here G is the D-dimensional Newton's constant and the induced internal metric H^^ is 
defined as 

HAB^g^u^^^Ay^^B^ (2) 

^Similar but different approaclies fiave been already taken into consideration in Ref. [13]. 
■^We obey tlie conventions and tlie notation in tlie Misner et al.'s textbook [15]. 
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where (j)"^ are real D scalar fields with A = Q, - • • ,D — 1. And H and H^^ are respectively 
the trace and the traceless part of H^^ defined by 

^AB ^ fjAB ^ Iry^^iJ, (3) 

where the indices A,B,--- are raised and lowered in terms of the Minkowski metric rjAB — 
diag{—l, 1, ■ ■ ■ , 1). 

The equations of motion read 

rrp- D — 1 1 

+ ^[ ^{(-//)^-l}i/V^0^V.0A + 2if^^V^0^V.0B]. (4) 

We are interested in obtaining 'vacuum' solution of the form 

Qtxv = y]ixv (5) 

This vacuum solution is not static since one component of 0"^, that is, 0° is essentially equiv- 
alent to time x° = t. Indeed, it is easy to check that the equations of motion (4) have the 
solution (5) as a classical solution. 

We now expand the fields around this vacuum as 

9iiv ^ rjt^u + hf,^, (6) 

and write out all the terms up to second order, for instance 

hAb^^ab_-^ab^___^ (7) 

where the ellipses stand for quadratic and higher order terms, note the minus sign in front 
of the second term owing to g^'^ = r]^^ — h^^ + h^°'h'^ + ■ ■ and we have defined h^^ = 
fi^B _ qa^b _ qb^a p^Yl the indices are now raised and lowered by tjab and r/^j,, so the 
difference between the space-time /i and the internal A indices is not essential. 
Next, let us consider diffeomorphisms in the infinitesimal forms: 

= '^M^^^ + ^i^ii^ ~ + ^i^Ch- (8) 
Under diffeomorphisms, it turns out that the h^^ is invariant. 
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The linearized equations of motion have the form: 
d%u - dji = 0, 

□V + d^dji - d^dpK - dudphi - rj^^iOh - dpdji'"') = m^h^, - rj^^h), (9) 

where □ = rj^'^d^d^. Taking the trace of the latter equation, using the former equation, and 
assuming D 7^ 1, we obtain 

h^Q. (10) 

With this equation, the former equation reduces to the form 

= 0. (11) 

Together with (10) and (11), Einstein's equations in (9) read 

(□-m2)V = 0. (12) 

Then, Eq's. (10)-(12) have the same form as those of massive gravity of Fierz-Pauli type 
[16] except that now the equations arc entirely written by not gauge-variant /i^j^ but gauge- 
invariant hfj,i, including the scalar fluctuations tp"^. Note that the trace h, which is nothing 
but the ghost mode, decouples because of Eq. (10). 



3 Proof of the unitarity 

Although it was found that the ghost mode decouples from physical modes as shown in the 
previous section, there remain some questions. First, it is not customary that the linearized 
equations of motion (10)-(12) are written in terms of the gauge-invariant objects /i^jy in which 
we have the scalar fluctuations ip^ of D degrees of freedom. Second, at first sight, it seems that 
the number of dynamical degrees of freedom is in confiict with the following naive counting 
of the degrees of freedom. Before the SSB of diffeomorphisms, we have massless gravitons 
of and real scalars of D components, one of which, is timelike. On the other 

hand, after the SSB, we would have massive gravitons of degrees of freedom. The 

difference of degrees of freedom between before and after the SSB is therefore 

J(0-3)^^_(fl+l)(J-2)^^_ (13) 

which corresponds to the number of ghost. Thus, a simple but important question is why the 
ghost does decouple. In order to resolve this question, it was shown in Ref. [14] that assuming 
vanishing gravitons h/^^, — 0, the kinetic term for the scalar fluctuations is reorganized into 
that of the gauge fields where we have an extra gauge symmetry for killing the ghost. 

In this paper, we shall present the different line of arguments for proving the unitarity, 
in other words, decoupling of the ghost mode, without assuming the vanishing gravitational 



4 



fields. For this purpose, the key idea is to rewrite the whole equations of motion (9) by the 
gauge- variant fields /i^,^ and instead of the gauge-invariant ones h^iv By making use of 
the definition h^^ = h^^ — d^^p^ — d^ip^, the result reads 

5" V - - D^^ + d^d.ip" = 0, 

= rn^[hu,^ - df,ip^ - d^cpij, - r]^^{h - 2dp(p'')]. (14) 

Next, we attempt to fix diffeomorphisms by gauge conditions in two steps ^. We first take 
the following gauge conditions for only D — 1 diffeomorphisms: 

(fii^ = d^u. (15) 

Then, the former equation in Eq. (14) reduces to the form 

- = 0. (16) 

With the help of Eq's. (15) and (16), the latter equation in (14) reads 

^h^y - d^d„h = m^[h^„ - 2d^d^uj - r]^^{h - 2Duj)]. (17) 

Taking the trace of this equation, we obtain 

h-2Dco^0, (18) 

by which Eq. (17) is further simplified to be 

(□ - m") V = d^dX (19) 

where we have defined h = h — 2m^u}. 

Next, let us take into consideration one diffeomorphism remaining, which is written as 

= d^\. (20) 

Under this remaining diffeomorphism, each field is transformed like 

5ui — A, 
5h^,, ^ 2d^dy\ 
5h = 2nA, 

5h = 2(n-m^)A (21) 
Using this remaining diffeomorphism, we can take the gauge condition 

^ = 0. (22) 



*This technique was also employed in Ref. [6]. 
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With this gauge condition, Eq. (19) becomes the massive Klein-Gordon equation for hn„. 

However, at this stage, it turns out that there remains a residual difFeomorphism. Actually, 
under the remaining difFeomorphism satisfying the equation 

(□-m2)A = 0, (23) 

h is obviously invariant as seen in Eq. (21). Note that this equation is the same as that 
for gravitons ^. The existence of this residual gauge symmetry makes it possible to take the 
gauge 

h^O, (24) 

since Sh = 2nA = 2m'^\. 

Consequently, the equations of motion for the gravitational fields take the form 

(□-m')V = 0, 

h ^ 0. (25) 

This precisely describes massive gravitons of (-P+^K-P-^) degrees of freedom without the ghost 
mode [16]. 



4 A more general model 

In this section, we discuss a generalization of the Chamseddine and Mukhanov model. It is 
natural to generalize the action (1) as follows: 

S-T^f d'^xV^lR - V{H^% (26) 



167rG' 

where a priori y is a generic function of H^^. 

This general action gives us the following equations of motion: 

vn^v,^-) = 0, 

R,u-l9,.R = —g.uV + V.cP^V.cP''-^. (27) 

As in the Chamseddine and Mukhanov model, we are interested in the situation where 
the vacuum (5) is allowed to be a classical solution to (27). The requirement of the presence 
of the vacuum solution leads to a constraint on the potential V such that the equation 



dH^B 2 



^This situation is very similar to that of QED in the Lorentz gauge where even after selecting the Lorentz 
gauge condition ^^A^^ = 0, there exists a residual gauge symmetry SA^ = d^A with A satisfying DA = 0, 
thereby further removing the longitudinal component of A^. 
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should be fulfilled where we have defined H^^ = i]"^^. In other words, the equation (28) is 
a constraint imposed on the potential V in order to have a fiat Minkowski space-time as the 
background. 

For instance, in the Chamseddine and Mukhanov model, the potential is given by 

V = -^[^^^{i^Hf - ir - H^sH^^ + ^^H\ (29) 

so the equation (28) is trivially satisfied since 

dV{H,) 1 



dH^B 2 



riABV{H,) = 0. (30) 



As before, we expand the fields around the vacuum solution (5) as in (6). Now we gauge 
away the scalar fluctuations (p^ by using diffeomorphisms. Of course, once we gauge away 
the D scalars, we can no longer gauge away any components of the gravitational fluctuations 

After setting = 0, the hnearized equations of motion for (27) read 

\v(H.wh,. - \B,h) + ^^irtr = 0. 

R,. - \g,.R = \v(H.)(\ri^h - h^) - ^^^h", (31) 

where we have used (28) and for simphcity the Einstein's tensor G^^v = R^^ — ^QnuR is not 
expanded around the Minkowski metric. 

Then, a closer inspection reveals that there exist only two classes of potentials which yield 
massive gravity without non-unitary modes. The strategy for finding appropriate potentials 
is to require that with a suitable choice of the potentials the hnearized equations of motion 
(31) reduce to a set of equations 

d'h^^-d^h = 0, 

1 771^ 

Rnu - ^Qui^R = -Y^'^i^^^ ~ (32) 

which are the same as those of Fierz-Pauli massive gravity [16]. 

Incidentally, the comparison between Eq. (31) and Eq. (32) clearly shows why the 't Hooft 
model for massive gravity encounters the problem associated with the ghost mode. With the 
choice of y = A in the 't Hooft model, Eq. (31) become 

d''Ku-\d^h = 0, 

R^tu - ^9nuR = "^(^^/'^^ ~ V)- (33) 

Since the coefficients in front of h in the both equations are not 1 but |, the decoupling of 
the ghost mode h is not allowed in the 't Hooft model. However, once the potentials with the 
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higher derivative terms are inchided in the action, we can adjust the value of the coefficients 
at will in order to get the desired value. 
One choice of such potentials is given by 



V{H,) = 0, 



iVfiuVpa -VKpVa)u), (34) 



where we have defined ?7/i(p77o-)iy = |(??/ip?7(Ti/ + ^/io-?7pi/)- It is easy to check that the Chamscddine 
and Mukhanov model is a special case of this more general class of models when the potential 
V is fourth order in H^^. 

Here let us comment on the sign of cosmological constant. To do that, note first that the 
cosmological constant A is equal to the value of the potential V at H^^ — 0. Thus, in the 
potential (29), the cosmological constant reads 

D(D-l) . , , 

A = 46 ' ^^^^ 

which is negative for D > 1. A natural question then arises whether the negative cosmological 
constant is an essential ingredient for producing mass for gravitons as in Ref. [6]. This 
question has been already answered by taking account of a different potential in Ref. [14] . 

The potential proposed for this purpose in [14] is of form in a general D-dimensional 
space-time 

V = -^[{{^Hf - inai^Hf - /?} - HabH^, (36) 

where a, (3 are some constants. It is straightforward to check that this potential satisfies 
the equations (30) and (34) when we take a — /3 — M^zli in this model, the cosmological 
constant is given by 

A = (^m\ (37) 
4 

Hence, depending on the sign of /3, the cosmological constant A can become negative, zero or 
positive, which is an interesting aspect in this class of potentials. 
The other interesting choice of potentials is given by 

V{H,) = 2mV0, 
d''V{H,) rrv" 



dHi'^dHP'' 



YMp^'^>- (38) 



This class of massive gravity theories is new, so we shall present the simplest example. Let 
us consider the case that the potential is a quadratic function of if^^, that is. 



y(i/^^) = A + c^t^abH^'' + C2HabH^'': (39) 
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where A is the cosmological constant, and Ci,C2 are constants to be determined shortly. It is 
worthwhile to recall that with A < and C2 = 0, this model reduces to that of 't Hooft, for 
which there is a non- unitary ghost mode [5] . The condition (28) gives rise to 

ci + 2c2 = ^[A+(ci + C2)L>]. (40) 

Moreover, the equations (38) produce the relations 

A+(ci + C2)L> = 2m^ 

C = (41) 

As a result, the potential is of form 

V{H^^) = A + Im^AsH^^ - \m'HABH^^ (42) 

where the cosmological constant takes the form A = (2 — |D)m^, which is negative for D > 1. 
We conjecture that in this class of potentials, the cosmological constant might be always 
negative since the 't Hooft model belongs to this class. 



5 Conclusions and Discussion 

In this paper, we have generalized the Chamseddine and Mukhanov massive gravity model 
[14] to an arbitrary D-space-time dimension and showed the unitarity of the model by gauge- 
fixing diffeomorphisms in two steps. It was found that the non-unitary mode, which is just 
the trace part of gravitational fields, does not appear in the physical propagating modes by 
residual diffeomorphism. 

We have also contructed a general model with an arbitrary potential which is a generic 
function of the internal induced metric H^^ . By requiring the existence of the vacuum 
solution, which is a flat Minkowski space-time plus (p^ = 6^x^^, as a classical solution, we 
find a constraint on the potential. Furthermore, we can restrict the form of the potential by 
requiring that the general model should coincide with the Fierz-Pauli massive gravity [16]. 

The whole equations imposed on the potential turn out to have only two classes of non- 
trivial solutions. One class of the solutions includes the Chamseddine and Mukhanov massive 
gravity model [14] as a specific choice of the potential and has an interesting property that 
the cosmological constant takes any signs. The other class of the solutions is a new massive 
gravity model. As the simplest example, we have presented a massive gravity model of this 
class with quadratic terms in H"^^ and shown that it has a negative cosmological constant. 
We can conjecture that the appearance of the negative cosmological constant is an inherent 
feature of this class of potentials for causing the gravitational Higgs mechanism. 

As a future work, we wish to construct a different sort of new massive gravity models 
and explore its physical implications. In this respect, it is worthwhile to notice that one can 
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construct a different induced metric y^j, = r]AB^ u^P^ which was considered in Ref. [6]. 
Thus it seems to be natural to try to make new massive gravity models with an arbitrary 
function of this metric Y^i,. We would also like to report this work in near future. 
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